1 FOURIER ANALYSIS IN ONE VARIABLE

Math 112B Notes: Ryan Gomberg

1 Fourier Analysis in One Variable

Parseval’s Identity

" 2 a(z) = 2
— de = — b))
_ /_ (f(a)de = +N21 a2+

Generalized Parseval’s Identity
Let f(z), f*(z) € L*([-m,n)). Then,

™
1 . _ o ao

—}—i (ana; + b,b})
N=1

Error Bound
The error for a Fourier Series approximating f(z) can be computed by

N[

T N % ﬂQ N 1
|f(z) — sn(z)] = (/ (f'(m))Qd:v—Zﬁ(a%eri)) (6_Zn2>
d n=1

n=1

...where sy (x) is the partial sum of the Fourier Series for f.

Pointw1se Convergence of Fourier Series
)If [T M\dr is finite, then we have pointwise convergence at
(D1n1 s Test)
(2) Suppose f is bounded, has finite extrema, and has finite discontinuities. Then,

— +
the series converges to xg at w (Dirichlet’s Theorem)

Uniform Convergence of Fourier Series Let f(z) be a continuous 27-periodic
function that satisfies the below conditions:
(1) f/(x) is continuous, except for a finite amount of points
2) 7 (f’( ))de: is finite
(3) f(x) — = [*_f'(t)dt for all x
...then the Fourler Ser1es of f converges uniformly to f(z).
To show convergence for all z, prove that this holds for f(z — 27m)

Convergence in the Mean
Uniform convergence implies convergence in the mean. f(x) € L?([—m, 7)) means f
converges in the lo norm.
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Formal definition: A sequence of functions { fi(z)}x>1 defined over a < z < b is said to
converge in the mean to g(z) if

b
lim [ (fi(z) - g(x))*de =0

k—oo Jq

Completeness
We say a set of orthogonal functions is complete if the Fourier Series based off the set of
functions converges in the mean.

Change of Scale
Let f(x) be a function defined on a < x < b. We can apply a change of scale such that
our new domain T satisfies —m < T < m. So, let

—ia+b — 1
T =2m <a:2(a+)> :>:L‘:b af+§(a+b)

b—a 2

Thus, F'(Z) has the Fourier Series

F(z) ~ % + Z(an cos(nx) + by, sin(nx))
n=1

a - r—Li(a+0) . z — L(a+0b)
=3 +nZ:1 (an cos <2n7r <l)2—a>> + by, sin <2n7r <b2—a>>>

The sine and cosine series is as such

b
ao—bfa/a f(z)dx

0 = bfa/abf(x)cos <b“_“a(x—a)> do

by = bfa/abf(x)sm (b”_"a(x—a)> d

Ezample: Let f(z) =€",1 <z < 2.
T=2r(z—3(1+2)) =7(2z —3)

So, its Fourier Series is

f(x) ~ % + Z:(an cos(nm(2z — 3)) + by, sin(nmw(2x — 3)))

n=1
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The sine and cosine series is as such

2
aop :2/ e“dr = 2(e* — e)
1

2
ap = 2/1 f(x)cos(mn(z —1))dx

2
by, = 2/1 f(z)sin(mn(z — 1))dzx

Pointwise Convergence Example: Let f(z) =€”,1 <z < 2.
We have that f(z) is bounded from e < z < e? and contains finitely many extrema and

discontinuities within (1, 2). So, Vz, the Fourier Series for f converges to w

Uniform Convergence Example: f(z) =e*,1 <z <2
First, we show that f;(f’(x))zdac < 0.

2 1
/ e*dr = (e — €?) < o0
1 2

Next, f(x) — f(1) = flx(et)/dt. Both sides are equivalent to (e — e)

Now, consider an extension of f with periodicity = (b — a)m = 1m, where m € N. Then,

f($) — e%Ttm — f(l) n /1m+m et dt — f(l) n /;r g

—m

2 3 4 m
:f(1)+/ etdt+/ et—ldt+/ et_th+...+/ etdt
1 2 3 0

—6—1—(62—6)—1—(62—e)+(62—e)—|—...+(62—e)—e+m(62—e)7é/ el dt

—m

Therefore, f does not converge uniformly.

Convergence in the Mean Example: Let f(x) = e, 1 < x < 2.
We show f;(f(x))Qd;v < 00

2 1
/ e¥dr = (e — €?) < oo
1 2

We have shown that f converges in the mean.
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2 Homogeneous PDEs in Two Variables

Laplace’s Equation in a Rectangle
We consider the setup

%7“327;‘:0 O<zrx<mli<y<A
uw(0,y) =u(m,y) =0 0<y<A

u(z,A) =0

u(z,0) = f(z)

Apply the standard separation of variables, guessing u(x,y) = X (x)Y (y). After solving
each ODE we obtain:

Xp(x) = sin(nz), Y, (y) = sinh(n(A — y))

To find Y, (y), it involves solving for a constant ¢; (or ¢z) with respect to the other
constant.
Hence, the solution u(x,y) is the following series

> sinh(n(A — .
u(z,y) = ansi(nh((nA)y)) sin(nx)

n=

m is obtained from the boundary condition u(z,0) = f(x).
Laplace’s Equation in a Circle

2 2
The PDE is still of the form % + 273 = 0, but now we have a new boundary condition:

22 +y? < 1. Our new PDE becomes:

T4+ 04 =0 22+ <1
u=f(0),0<60<2m

We apply separation of variables: guess u(r,6) = R(r)©(f). Solving for © is a familiar

situation to previous PDEs, as we will obtain 0,,(0) = A, sin(nf) + B, cos(nf).

To solve R(r), we will get a characteristic ODE r?R” + rR’ — n?R = 0. However, we also
have to analyze two separate cases: n =0 and n > 1.

If n = 0, then we have R(r) = a + In|r| + b.

If n > 1, the ODE is a characteristic polynomial. Therefore, we guess R(r) = r®, and the
final solution is n = +a. So, R(r) = 1" —r~".
However, we need the series to converge. Because r < 1 by assumption, =" diverges and

so we exclude r~" from our final solution.
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The series solution to our PDE is

u(r,0) = % + Z r"(Ay, sin(nf) + By, cos(nf)).

n=1
with A, and B,, complying to the standard Fourier Coefficients

A, =2 7 10) cos(no)do, B, :% " 1(0) sin(nf)do

™

Suppose the circle had a radius r as opposed to 1 such that boundary condition is

22 4+ 9% < a. Then, we can apply a change of scale. Let r = \/ar. Consider a new solution
v(T,0) = u(y/ar,d). We now have that Av satisfies our standard boundary condition

7 < 1. Solve the PDE as you would in the above case, and then rewrite 7 in terms of r in
your final solution.

Other boundary types: Annulus, Wedge
On an annulus, we have a different condition

{gj;;+g;g:o a<r<b6 <0<0

u(a,0) = f1(0), u(b,0) = f2(0)

The procedure is mostly similar. Apply separation of variables and obtain the series
solution. However, we have to be cautious of how we set it up. For example, if
u(a, ) = 0, we have to make sure f(b,0) = a, cos(nf) + b, sin(nf).

On a wedge, we have the boundary conditions

%Jrg%g:o 0<r<a0<60<6
u(r,0) = f(r),u(a,0) = f(0)

Poisson’s Integral
ASSUME that u(r, ) is a solution to Laplace’s Equation on a circle with radius R. Then,

B R2 _ 2 g7 f(¢)
u(ﬁ 9) - 2T /71' r2 + R? — 2Rr COS(9 - ¢) dqs
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3 Nonhomogeneous Problems and Green’s Function

Green’s Function for Initial Value Problems
Let an ODE be of the form

u’(z) + pla)u'(z) + q(@)u(z) = f(z),  ula) = A,u'(a) =B

We can first guess two linearly independent solutions v;(z), va2(x) of the
non-homogeneous equation

v"(z) + p(x)v'(z) + q(z)v(z) =0

Now, let’s introduce the Wronskian, which outputs the determinant of a matrix
containing v, v9. More specifically,

W (v1,v9) = v1vh — vive

Finally, we denote the one-sided Green’s Function

—v1(2)v2(§) + v1(§v2(v)
W(’Ul, ’UQ)

R(x,&) =
The solution to such ODE is
uw) = [ B s
Remark: Note that the above solution is final IF the initial values are zero. If that is

not the case, we must add civ1(z) + cova(z) to our solution, using our initial conditions
to find such ¢y, co.

Green’s Function for Boundary Value Problems
Let an ODE be of the form

u’(z) + p()u'(z) + q(x)u(z) = f(2), u(a) = A u(d) =B

Then B
wo={G08 &
and
/Gx§ £)de — A 5( )+Baa§(:c,b)
- /:G+(w,£)f(£)d€+ [ o or@ - 4% w0+ 82wy

6
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Here
G (2,6) = [1(2)va (b) — v1(b)va()][v1(€)va(a) — vi(a)va(E)]
) [v1(a)va(b) — v1(b)v2(a)][v1(E)vy(€) — v} (§)v2(€)]
and Gz, €) = [v1(z)va(a) — vi(a)va(2)][v1(E)va(b) — v1(b)v2(€)]

[v1(@)v2(b) — v1(b)va(a)][v1(§)vy(8) — vy (§)v2(§)]

Alternatively, you can write expressions for G(a, &), G(b, &) and set them equal to our
boundary values.

Nonhomogeneous Heat Equation
Say we have a PDE of the following form

%—?—%:F(:c,t) O<z<mt>0.
u(0,t) = u(m,t) =u(z,0) =0 0<z<mt>0.

If a solution u(z,t) exists, then we can represent u(x,t) as a Fourier Series

Z by (t) sin(nz)

We can apply a Fourier Sine Transform because b, (t) uniquely describes the solution
u(z,t). To find such b, (t), we first want to find the standard Fourier coefficients written
solely as a function of t. We will call these set of coefficients By, (t). So

2

B,(t) = - /07r F(x,t)sin(nz)dx.

Now to solve ¥, (t) + n?b,(t) = By,(t) you apply the integrating factor and so

t t
bu(t) = / e U=T)B, (r)dr = e / e"’" B, (7)dr
0 0

And so

Z by (t) sin(nx)

Ezxzample

%—?—%—x(w—x)sint O<z<mt>D0.
u(z,0) =u(0,t) =u(m,t) =0 0<z<mt>0.

First, find the sine series for f(z) = x(7 — z)

B, = / (mz — %) sin(nz)dz
0

™

7
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The terms vanish when n is even so we get

8 .
ngfl(w = msmt

To find our by _1(t) terms we apply the above integral

t
[ ernzen (8 g
bak_1 /0 e <(2k — 1)37r> sin(7)dr

After integrating by parts twice, the coefficients for bog_1 is

8((2k — 1)?sint — cost 4 e~ (2k=11)
(w2 — D)@k~ i 1)

bor—1(t) =

Hence our solution u(z,t) is

o0

28 2k—1 sint — cost + e~
m(2k —1)3)((2k — )4+ 1)

(2k—1)t)

sin((2k — 1)x)
k=1

Nonhomogenous Laplace’s Equation on a Rectangle
Consider the PDE

%—%ZF(%ZH O<z<m0<y<A
u(0,y) = u(m y) =u(z,0) =u(z,A) =0 0<z<70<y<A

Compared to the Nonhomogeneous Heat Equation, the general approach is exactly the
same. Find the coefﬁcients By, (y) and then solve for by, (y). Find the Fourier Coefficients
for B, (y) = 2 2 [ F(x,y) sin(nz)dz. Now we solve the nonhomogeneous ODE for by (y).

bx(y) - n2bn(y) = Bn(y)

This can be solved using the Green’s Function, but generally an easier approach will be
guessing the particular solution by, ,(y), which depends on the form of B, (y).
As for the homogeneous solution of the ODE, the solution for each b,(y) is

bua(t) = c16™ + cpe ™™
So the general solution of the ODE, for each n, is
bn(Y) = bnp(y) + bnn(y) = bnp(y) + c1e™ + coe™™.

Use the boundary conditions u(x,0) and u(x, A) to solve for coefficients ¢, cs.
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The final solution of the PDE is
u(x,y) = ba(y) sin(nz)
n=1

Example

%—%:y(l—y)Siﬂ3($) O<zr<m <y <.
u(0,y) = u(my) =u(z,0) =u(z,1) =0 0<z<m0<y<l

While we can find the Fourier Series for B, (y) by integrating, we know that

sin®(z) = 3 sinz — % sin(3z). Therefore we will have to solve two ODEs, one for by (y) and

b3(y)-

We have that B;(y) = %y(l —y). We can ignore sin z because we are solving the ODE
with respect to y. In order to solve b (y) — b1(y) = %y(l — ), we need to guess the
particular solution. Here we can guess by, = ay® + by + ¢, where blll’p = 2a. Our system
becomes

3 3
20 —ay? —by —ec= Sy — Sy
a—ay y—C 4y 4y
Solving the system gives us a = %, b= —%, c= —% and so
3 3 3
b =Sy? -y -,
w(y) =39~ ¥~ 5

Now, for the homogeneous solution by 5, we have
bl,h = 01€y + Cge_y

Hence our final b;(y) is

3 3 3
bi(y) = Zyz Y + 5 + cr1e¥ + cpe V.
Using our boundary conditions b1(0) = 0,b1(1) = 0, we can solve for ¢; and ¢z and obtain

the solution to this ODE

3 e2—1 e2—1\ _
bl(y):4<y2—y+2—2<1—|—62+e>ey+2<62+6>6 y)

Solving for b3(y) follows the same procedure. Instead, we solve the ODE

bs (y) — 9bs(y) = —iy(l — 7). We apply the same guess for our characteristic solution and
our homogeneous solution is b3 j, = ¢1 e3¥ + coe™3Y. The solution bs(y) for this specific
ODE is

1 1 1 1 [e3—¢eb 1 [e3—¢eb
b R - - 1 3y - —3y
3() ( 367 T 367 T 162 162(66—1 * )6 +162<e6—1>€
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Hence the solution u(x,y) is

Zb )sin(nx) = by (y) sinx + b3(y) sin(3x)
3 o ez —1 e2 -1\ _ .
:4<y —y—|—2—2<1+62+€>ey+2<62+6>e y)smw
1 5, 1 1 1 [e3—eb 3 1 63—66 30\ .
_ Sy 1) &3 y 3
+< 367 7367 T 162 162< 1 ) g ooy e )sinB2)

Nonhomogeneous Laplace’s Equation on a Disk
Consider the following PDE with corresponding boundary conditions

Puylouy LPu_p(rg) r<R-n<f<n
u(R,0) =0 —rt<f<m

Much like the other nonhomogeneous problems, we seek coefficients a,, (), b, () that
solve each ODE and conditions. Here we find ay,(r), b, (r) such that

) + -l () Tgan(r) = An(r)

() + <, (r) = Tybu(r) = Ba(0)

where

An(r) = 1 / " B (r.0) cos(nf)db, By (r) = - / " F(r, 0) sin(nf)do

—T —T

In the case where n = 0, we have that a, = a/,(r) + Lal,(r) = 0. Multiplying by r? yields
r2al(r) + ral,(r) = 0

We can solve the ODE using the integrating factor, giving the result

ao(r) = /0 In (p) Ao(p)pdp +C

The integrand pdp comes from rewriting the integral in polar form. With the initial
condition ag(R) = 0 gives us
R
R
C = —/ In <> Ao(p)pdp
0 p

10
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So
ao(r) Z/Orln (%) Ao(p)pder/rRln(R) Ao(p)pdp

For n > 1, we can use Green’s Function to find the solution. Guess
v1(r) = r",va(r) = r~™. Simple computation yields the coefficients

=3 G~ (5 G iy [ (8= (2] G i
)= g [ |G ()T @) mtomiorg, 7[R~ (5)] () o

Green’s Function for Nonhomogeneous PDEs
Recall Laplace’s Equation on a Rectangle

%_%:F(%?J) O<z<mml<y<A.
u(0,y) = u(m,y) = u(z,0) =u(z,A) =0 0<z<71,0<y<A

The corresponding Green’s Function is as such

A T
u(z,y) = / / Gy, €, 0)F(€, n)dédn

where
2 oo
a z
(-757 Y, 57 = g y 77 sin na:) Sln(nn)
and inh A)) sinh
Gn(y,n) = STn ("ﬂmhgﬁ? (nz)’ e
smh(rp) sSGl-A) <y <A

Now, recall Laplace’s Equation on a Circle

%ﬂL,{gﬁﬂL%%:F(r,Q) r<R,—m<0<m
u(R,0) =0 —nm<f<m

The idea is that we want to find the corresponding Green’s Function G(r,8;p, ¢). We
have that

R pm
ur0) = [ [ G05p.0)F (. 0)ppas

where

G(r,0;p,¢) = % { In [R2 + ;@2 — 2rpcos(f — ¢>)] +In[r? + p? — 2rpcos(f — ¢>)]}

11
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Note that the derivation comes from deriving the complex form of the Green’s Function.
In addition, the arguments inside In resemble the Law of Cosines formula.

4 Fourier Series in Two Variables

Double Fourier Series
Consider a 2m-periodic function f(x,y) in both z and y. Then its Fourier Series can be

derived as
1 o
flz,y) ~ 00 + = Z agm cos(my) + bom sin(my)] + Z ano €os(nx) + cpo sin(nx)]
n=1

m=1

+ Z Z [anm cos(nx) cos(my)+bpm cos(nx) sin(my)+cpm sin(ne) cos(my)+dnm sin(nx) sin(my)]
n=1m=1

with corresponding coefficients

1 T iy
0= f(z,y)dzdy

—T J =T

1 iy T
don =5 [ [ Flavy)costmy)dody

bom = — f(z,y) sin(my)dzdy

—T J =T

1 ™ ™
o = — / f(@,y) cos(nx)dzdy

1
Cho = —5 [f(@,y) sin(nz)dzdy

2
™ J-xJ-m

tnm = —3 /Tr . f(z,y) cos(nz) cos(my)dzdy

= — f(z,y) cos(nz) sin(my)dzdy

—T J =T

Crm = —3 /_7r _ﬁf(:c,y) sin(nx) cos(my)dzdy

1 s ™
dpm = - /_7T - f(z,y) sin(nzx) sin(my)dzxdy

Parseval’s Identity for Double Fourier Series

1 - 1 1 o9 1 oo o oo
ﬁ f2($> y)d.ﬁlfdy = Za(%o—i_i Z (a3m+b%m)+§ Z n0+cn0 +Z Z nm+b%m+cnm+dim)
-m m=1 n=1 n=1m=1

12
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Ezample: Find the double sine series of f(z,y) = 2%y%. Also discuss its uniform
convergence.
We only have to find the coeflicient d,

n n3

o= 2% [ [ aaPsinton)singomy) = [0 MEVEZ ] [T 20T

So

x© X 7r2_n _1\n 7T2_m 1ym
f(:L‘,y)N;QZZ[ (nl) +2(( D 1)][ (=1) —1—2(( 1 1)} sin(nz) sin(my)

n3 m m3

n=1m=1

We do not have uniform convergence as the double series does not have absolute
convergence.

Example: Find the full Fourier Series for f(z,y) = sin?(z)y?, —7 < z,y <7
To simplify a lot of the computation, the only nonzero coefficients are by, and b,,. The
other coefficients vanish because the integrands are odd functions. Now we compute bg,,.

1 ™ —1)ym — 3 —1)m
bom = 2/ sin? z sin(my)y3dedy = 4 <67r( ) (1) )

s m

—T
While computing b,.,,, we evaluate the same integral for y in by,,,. When we integrate
™
/ sin?(z) sin(nx)dz
—T

we notice that this integral is nonzero only when n = 2. When n = 2, the integral comes
out to §. So we can rename the coefficient to by, and so

6(-1)" — ()"

b2m =

Therefore, the Fourier Series expansion is

2(71 m

-7
2
— cos(2x) cos(my)

0 (—1)m — 7T3 _1\m & _1\m
f(z,y) ~ 27 Z 6m(~1) — (=1) sin(my) + Z 6(-1)
m=1

m=1

13
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5 Homogeneous PDEs in Three Variables

The Heat Equation in a Square
We consider

ou _ %u_ Pu _ 0<z,y<mt>0
u(0,y,t) = u(m,y,t) = u(x,0,t) = u(z,m,t) =0
u(xvyao) :g(xay)a 0 Sxay <7

We apply the standard separation of variables, this time with 3 variables: X,Y,T. So
guess a solution of the form u(x,y,t) = X ()Y (y)T'(t). Dividing by XY T yields

We first solve the case for X (z). We consider

T/ Y// X//

T Y X

But we know that both sides must be constant, so let
T/ Y/l X//
T vy ox v
We solve the case for X(z).
X'"-C1X =0 O<z<m
X(0)=X(m)=0

We already know this yields the solution X (z) = sin(nx), where C; = —n? for n > 1.
For solving Y (y) and T'(t), we have the setup

T/ Y//
7=y 9

Again, both sides are equal to a constant, say Cs. So

We solve Y (y)

This will also yield Y (y) = sin(my), this time C; — Co = m? for m > 1.

14
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Since C1 — Cy = m?, this gives Cy = C; —m? = m? +n2. As for solving T'(t), we have the
equation
T' + (m? +n?)T = 0 = ¢~ (W71,

By verifying the boundary conditions and checking for convergence, we conclude that the
double series solution
o o

u($a Y, t) = Z Z dnme_(m2+n2)t Sin(’I’L.’E) Sin(my)

n=1n=1

satisfies the Heat Equation.

Ezxample: Solve the Heat Equation in a Square

2
%—?—6—;5—273:0, O<z,y<mt>0

u(0,y,t) = u(m,y,t) = u(z,0,t) = u(z,m,t) =0

3

u(x,y,0) = sind zsin® y, 0<z,y<m

We have that sin® z = 3 sinz — 1 sin(3z) and sin®y = 2 siny — 2 sin(3y) + 15 sin(5y) (See

Appendix).
By expansion

. 15 15

3
sin® zsin®y = 35 sinxsiny — o sin x sin(3y) + o1 sin x sin(5y)

1
_5 sin(3z) siny + 5 sin(3z) sin(3y) — — sin(3x) sin(5y)

32 64 64
Sodi1 = g,dis = —5;,d15 = g, ds1 = —35,d33 = g5, d35 = — 5
Our final solution is
15 15 3
u(z,y,t) = @67% sinzsiny — @67101& sin(x) sin(3y) + 61672& sin x sin(5y)
) ) 1
— ﬁe*wt sin(3z) siny + 6*4671& sin(3z) sin(3y) — 6*4673425 sin(3x) sin(5y)

Laplace’s Equation in a Cube
Consider the PDE

O<zyy,z<m
’U,(O,y, Z) :U(W,% Z) :U(IE,O,Z) = U(IE,?T,Z) =0
u($7y70) :g(‘rvy): 0 S T,y S ™

We guess a solution of the form u(x,y, z) = X (x)Y (y)Z(z) that solves the Laplace
Equation. We follow the same procedure as with the Heat Equation in a Square. We get

15



5 HOMOGENEOUS PDES IN THREE VARIABLES

the X (z) = sin(nx), Y (y) = sin(my). Solving Z(z) will yield a function of hyperbolic
sine/cosine.

Idea: We solve the ODE Z"” 4+ ¢1Z = 0. Since ¢; = —(n? +m?) (see Heat Eq in a Square),
we have Z” = (n? + m?)Z. This gives

Z(z) = AeV nitmiz | Be—Vnitm?z
Plugging in the initial conditions Z(7) = 0
B = _AeQ\/m2+n27r

And so
Z(z) = 24eV M

< e\/m(sz)
2

— eV n24+m?2(m—z) )

Therefore Z is a multiple of sinh(7 — z) and the candidate solution for u(x,y, z) is

u(z,y,z) ~ i i Qi sinh (\/ n? 4+ m?(mw — z)) sin(nz) sin(my)

n=1m=1

Plugging in our initial condition u(zx,y,0) = g(z,y) yields

00 sinh <\/m(7r - z))

oo
u(@y,2) =3 > dun——
n—=1m=1 sinh v/n2 + m2r

sin(nx) sin(my)

Note that d,,,, is obtained by setting it equal to au,, sinh v'n? + m?m, where

1 ™ ™
Ay, = 2/ / g(z,y) sin(nzx) sin(my)dzdy
47 0 0

FEzxample: Solve the Laplace’s Equation in a Cube

W—W—@_O, O<l’,y,2<’ﬂ'
u(0,y,2) = u(m,y,2) = u(x,0,2) = u(x,m,2) =0
u(@,y,0) = sin(w) sin’(y), O<zy<m

Since sin®(y) = 3 sin(y) — % sin(3y), we have that di,; = 2,d; 3 = —1. We hence obtain

the solution

 3sinh(V2(r — 2))

sinh(v/10(7 — 2))
u(@,y,2) = 4sinh /27 a

4sinh V107

sin(x) sin(y) sin(z) sin(3y)
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5 HOMOGENEOUS PDES IN THREE VARIABLES

Ezxample: Solve the Modified Laplace’s Equation on a Cube
%—%—%—u:@, O<z<mlO<y<i,0<z<1
u(07 y7 Z) = u(x7 07 'Z) = u(x7 y7 1) = 0

Ga(x,y,2) =0

o) T

oy (.3,2) =0
u(z,y,0) =2x —m

Guess the solution u(z,y, z) = X(2)Y (y)Z(z). Then

Xl/ Y/l Z/l
X'YZ+XY'"Z+XYZ' - XYZ=0= "+ + > —1=¢
X Y Z
. X/l + Y// B Z// + . Xl/ B Y// + B
X'y zT9TxT yraT®

Solving the below ODE
X” = CQX
X(0)=X'(r)=0

Guess X (r) = Acos(y/c2x) + Bsin(y/cx).

on — 12
X(O)—0:>A—O,X/(7r)_O:>cos(\/ax)_():>cl__( "2 )
So X(a) =sin ((31) #).
Now we solve the ODE for Y (y)

Y” = (Cl — CQ)Y
Y(0)=Y"(5)=0
Guess Y (y) = Acos (v/c1 — cay) + Bsin (y/c1 — cay). We follow the same procedure for
X (z), this time let \/c; —ca =2m — 1. So ¢; — cg = (2m — 1)%,
Therefore Y (y) = sin((2m — 1)y).
Also,c1 —co=—2m -1 =c1=-2m—-1)+co=—-2m —1) — (%7_1)2

Solving Z(z)

Z//
—7+1261:>Z”:<1—01)Z
2" = (¢1 — )2

Z(1) =0

17



5 HOMOGENEOUS PDES IN THREE VARIABLES

‘We obtain

2n —1

2
Z(z) = sinh(v/1 — ¢1) :sinh\/1+ < > +(2m —1)2(1 - 2)

Therefore the candidate solution for the series solution is

u(z,y, 2 Z Z dym sinh \/1 + (2”2_ 1>2 + (2m—1)2(1 — 2) | sin <2”2_ 13:) sin((2m—1)y)

n=1m=1

Plugging in initial condition yields

@\ — i (2 2+(2 —1)25350:(1 n( )14 (2t 2+(2 —1)2
9% y—0 = 5 m 2.2 wm, COS 2 m

2n —1
sin < n x> sin((2m —1)y) =2z — =

2
And so

foz foﬂ (22 — ) sin (2% 2) sin((2m — 1)y)dzdy

\/1+ 20-1)% 4+ (2m — 1)2 cosh (\/1 (2% 1) +(2m—1)2>

dpm =

We have

/Og /OW(2x—7r)sin <2”

By plugging in the above integral in the expression for d,,, we get our final solution
2=\ . 12
g2 X (211171 - ﬁ) sinh <\/1 +(F5) T+ (2m - 1)2(1 - z))
u(ey,2) = 2> ),
n=lm=1 (2m — 1 \/1 =1y 4 (2m —1)2 cosh<\/1+ (2% 1) +(2m—1)2>
2n —1
- sin ( n2 95) sin((2m — 1)y)

1:c> sin((2m — 1)y)dzdy = 2737: 1 <2n1_ 1 (227(1—1)17;2>

Laplace’s Equation in a Cylinder
Consider the PDE

2
%—l—%%ﬁ—l—#gﬁ—l—az =0 0<r<R,7<0<m0<z<m

u(r,0,0) = u(r,0,7) =0 O<r<R,-nm<fl<m
u(Ry1,0,2) =g, 2) —nm<f<nm,0<z<7

18



5 HOMOGENEOUS PDES IN THREE VARIABLES

Let R(r)©(0)Z(z) be a function that satisfies the equation. Then, we have that
1 1
R'©Z + ;R@Z + T—QR@"Z +ROZ"=0
Dividing by ROZ yields

R'+ R 10" 7" r?R" + 1R 0
o =-"=Cjand ——— —C11 = —— = (Cy.
R ‘nRe ~z 9™ R A
We get Z(z) = sin(nz) and ¢; = n? for n > 1. As for ©(), the solution to its ODE is
() = sin(mf) + cos(md) for Co = m?. Finding R(r) involves solving a special type of
ODE: the Modified Bessel’s Equation. We will see that its corresponding equation for R is

2R’ +rR — (n*r? + m*)R =0

The components to solving the ODE is very technical, involving manipulation of power
series. The final form of the solution is

00 1 / m—+2/
Imm:;a(um)! (2) '

If we choose Ry, (R1) =1 for all m,n, then the solution for R,,,(r) is

I, (nr)

Ronn(r) = I,(nRy)

where I,,,(nr) and I,,(nR;) are the associated Bessel’s equations.
Therefore, the final solution for the PDE becomes

1 Iy(nr) .
u(r,0,z) = 3 T; Cno IO(E'EZRE) sin(nz)

+ Z Z I—(:[Eggf) sin(nz)(cpm cos(mb) + dpp, sin(mo))

n=1m=1

If we set r = Ry then the Bessel’s equations vanish and we get

—_

g(0,2) = Z cno sin(nz) + Z Z sin(nz)(cpm cos(ml) + dpm, sin(m#))

n=1 n=1m=1

2
with the Fourier coefficients

2 s ™
Crm = 2/ / 9(6, z) sin(nz) cos(mb)dfdz
™ Jo

—T

19



5 HOMOGENEOUS PDES IN THREE VARIABLES

2 s s
= / / 9(0, z) sin(nz) sin(mf)dbdz
™ 0 —Tr

Ezample: Solve Laplace’s Equation in a Cylinder

?,ﬂ+igﬁ+%a—+g— 0 0<r<l,—7<f<mO<z<m
(7”,9,0) ( ): 0<T<1,—7T§0<7T
u(1,0,2) = z(m — z) cos? 0 —r1<f<7m0<z<m

First notice that cos? = 3 +  cos(26) and finding the sine series for z(m — z) sin(nz)

yields

o0
41 - (=1)") .
z(m—2z) = _
(m — 2) Z 3 sin(nz)
n=1
dnm has no terms because we only have cosine terms and the solution is defined for
m = 0,2 but is zero otherwise. So, the final solution is

u(r, 0, z) = Z 20 _3(_1)71 Io(m" sin(nz) + Z 201 g IIQQ((?W)) sin(nz) cos(26)
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5 HOMOGENEOUS PDES IN THREE VARIABLES

Damped Waves in a Square
Consider the PDE

%+2a%—02<%+%>:0 O<z,y<mt>0
u(0,y,t) = u(m,y,t) = u(z,0,t) = u(x,m,t) =0 t>0
u(z,y,0) = f(z,y) 0<zy<m

G (2,9,0)=0
Let X (z)Y (y)T'(t) be a function that satisfies the equation. Then
XYT" +2aXYT — A(X"YT + XY"T) =0

Dividing by XYT¢? yields

T// 2CLT, X// Yl/ T// + 2aTl Y// X//
AT AT X Y T y ~x “
Standard arguments lend X (z) to the solution X (z) = sin(nz) for ¢; = —n?. Now we find
a solution for Y (y).
T 4+2aT  Y"
2/
By similar reasoning, Y (y) = sin(my) for c; = —m?. For T(t), we get a characteristic

ODE of the form
T? + 24T + A(n? + m?) =0

The corresponding solution depends on the discriminant for given a, ¢, n, m. We have that

a
\/a2 —c2(n? +m?)

T (t) = e [cosh Va2 — 2(n? + m2)t + sinh /a2 — ¢2(n2 + m2)t]

for vVn2 +m2< 2

c
T (t) = e~ (1 + at) for V/n2 +m?2 = a
c

a
V2 (n? +m?) — a?

Ty (t) = e [cos V2 (n? +m?2) — a?t + sin \/c2(n2 +m2) — a2t]

a
for v/n?2 +m?2 > =
¢
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5 HOMOGENEOUS PDES IN THREE VARIABLES

Hence we obtain the solution

oo o0

u(x,y,t) = Z Z Ty (1) sin(nz) sin(my)

n=1m=1

Where d,,,, is the Fourier coefficients of the double sine-series from the condition
u(z,y,0) = f(z,y).

4 s ™ . .
= 7r2/0 /0 f(z,y) sin(nx) sin(my)dzdy

Ezxample: Solve the Damped Wave equation in a Square

2 2 2

Ze+a% - (Z+Z8) =0 0<a,y<mt>0
u(0,y,t) = u(m,y,t) = u(z,0,t) =u(z,m,t) =0 t>0

u(z,y,0) = sin® zsin® y 0<z,y<m

%(x, y,0) =0
Here a = 2, ¢ = 1. By decomposition of sin® z sin3 y

9 3 3 1
Srsindy = T sinxsiny — 16 sin z sin(3y) — 16 sin(3z) siny + 16 sin(3z) sin(3y)

sin

Finding each T}, (¢) is simply checking the conditions of the discriminant. For example,
T1,1(t) has V2 < 2, so we use the first equation in the last page. Similar arguments yield
to the final solution

9 3 2
u(z,y,t) = Ee_% [cosh V/2t-++/2 sinh v/2t] sin 2 sin y—1—66_2t |:COS V6t + 76 sin \/ét] sin x sin(3y)
2 2

3 —2t . . . 1 — 2t . . .
- 6t + — 6t 3 — 14t + — 14t 3 3
16¢ cos V6t + 7 sin V6t | sin(3z) sin y+ 16¢ cos V14t + i sin v sin(3z) sin(3y)
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6 ABOUT UNIFORM CONVERGENCE AND DIFFERENTIATION

6 About Uniform Convergence and Differentiation

When we find a series solution to a PDE, we require uniform convergence and
term-by-term differentiation to know that the series converges to the solution everywhere.
To prove that a series is uniformly convergent, we show that the series solution is
absolutely convergent. To prove that a series can be differentiated term by term, show
that the derivative of a series converges absolutely.

FEzample: Let the following series be a solution to a PDE. Show that it converges
uniformly.

u(e,y) = > bax1(y) sin((2k — 1)a)
k=1

where
s 8 8 16
%1 = o 1Y T k=Y T @k =1
n 16 _sinh((2k — 1)(y — 7)) — sinh((2k — 1)y)
(2k—1)"m sinh((2k — 1)7)

First, we have |sin((2k — 1)x)| < 1. Now we show boi_1(y) converges. We rewrite the sinh
terms as

sinh((2k — 1)(y — m)) = P DE=m _ 2h-D(r—y)
sinh((2k — 1)y) = e@F=Dy _ o=kl
sinh((2k — 1)mr) = k=17 _ o= (k=17

o sinh((2k—1)(y—m))—sinh((2k—1)
sinh((2k—1)m)

6(2k—1)(y—7r) — e(2k_1)(7r_y) — €(2k_1)y — 6_(2k_1)y
o(Zh—D)r _ p—(2k—D)7

¥) becomes

We factor out e2*=U7 from both the numerator and the denominator to obtain
e(?k—l)ﬂ'(e(Qk—l)(y—Zw) _ e—(2k—1)(y—7r)) e(?k—l)(y—27r) _ e—(2k—1)(y—7r)

6(2k71)7r(1 _ 672(21#1)”) - 1 — e—22k—1)m

We can verify that on y € [0, 7], the numerator is always smaller than 1, and the
denominator is always larger than 1 — e=2™. It should be obvious that

1
T < 2.
Now we look at the other terms. We have that
87 + 8 16 16
bop—1 < I
%1 = op 15| k=] T ‘(% —1)r
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6 ABOUT UNIFORM CONVERGENCE AND DIFFERENTIATION

Since (2ki1)7 < (21;1)5 we finally have

i) < 1048 1om+ds
21 =0 —1p T 2k — 15 (2k — 1)

which converges by p—series. So, bog_1(y) converges by comparison to the above series,
and we have uniform converge.

The proof for term-by-term differentiation is the same idea. This time, we show that
%, %’ %, 3273 are all uniformly convergent. Proving all of these follows the process we

did for the actual series solution. Therefore, term-by-term differentiation is valid.
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7 Appendix and Other Resources

Product-to-Sum Identities
1
cos(a) cos(b) = §(cos(a +b) + cos(a — b))

sin(a) sin(b) = %(cos(a —b) — cos(a + b))
cos(a) sin(b) = %(Sin(a +b) + sin(a — b))
sin(a) cos(b) = %(sin(a +b) —sin(a — b))

Deriving sin® z: We use the fact that sin® 2 = % sinx — % sin(3x) to lower the computation.

1 1
z=sinx-sin?x = <i sinx — 1 sin(3x)> <2(1 - cos(2x))>

sin z cos(2x) = %(sin(?)a:) —sinx), sin(3z) cos(2x) = %(sin(Sx) + sin(z))

sin®

So

3 1 3 3 1 1
sin® z = 3 sin(z) — 3 sin(3z) — 6 sin(3x) + % sin(x) + 6 sin(bx) + 6 sin(x)

1
= gsinx - 1—56 sin(3z) + T sin(5x)
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